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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Patterns

{xi} ity (1)
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Patterns
{ad (1)
> Weights
{Wij}:N,j:1 (2)
Wij = Wiji
wiji =0

Weight wj; indicates similarity between patterns x; and x;.
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Patterns
{ad (1)
> Weights
{Wij}:N,j:1 (2)
Wij = Wiji
wiji =0

Weight wj; indicates similarity between patterns x; and x;.
> Labels
N
{yitiz1 (3)

11

yi € {—§a§
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Minimize the weight that spans the two sets

min %y — ) wy (4)
Yie{=35:3
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Minimize the weight that spans the two sets

min %y — ) wy (4)
Yie{=35:3

» Balance the number of patterns assigned to each cluster

min % (yi — y;)*wy (5)
yle{iiai
ly"1/<p
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Relaxation
min  %ii(yi — y5)?w (6)
yeRV
ly"1<s
y y=N/4
Vector of labels y € RV with constant sum of squared
elements.
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Relaxation
mir,‘v iy — )’J) Wij (6)
yeR

ly"1[<g

yTy=N/4
Vector of labels y € RV with constant sum of squared
elements.

» For convenience, scale each y; by 2/\FN

min  %;;(vi — yj)*wj (7)
yER
ly"1|<a

yTy=1

_ 28
where a = N
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Definitions
Spectral Clutering Algorithm Minimization problem

Ma vector formulation
The solution

> Weight Matrix

W ¢ RV*N (8)

W = wj
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

> Weight Matrix

W ¢ RV*N (8)
W = wj
» Diagonal Matrix
D ¢ RMV*N (9)
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» The Laplacian
L=D-W (10)

is symmetric positive semi-definite with smallest eigenvalue 0
and corresponding eigenvector 1.
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» The Laplacian
L=D-W (10)

is symmetric positive semi-definite with smallest eigenvalue 0
and corresponding eigenvector 1.

» Alternative: Normalized Laplacian

Loorm = D2 (D — W) D2 (11)
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Eigenvalues of the Laplacian

0= <<~ <Ay (12)
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Eigenvalues of the Laplacian
D= << <Ay (12)
» (Orthonormal) Eigenvectors

VL BRI I L (13)
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Eigenvalues of the Laplacian
O=M <A< <Ay (12)
» (Orthonormal) Eigenvectors
VL BRI I L (13)
» vl = 1/\/N
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Eigenvalues of the Laplacian
O=M <A< <Ay (12)
» (Orthonormal) Eigenvectors
VL BRI I L (13)
Wil = 1/

vl is referred to as the Fiedler vector.

v

v
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Out minimization problem

min Zij(vi = vj)*wj (14)
|;¢L§a

yTy=1
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Out minimization problem

min Zij(vi = vj)*wj (14)
|;¢L§a

yTy=1

» Matrix-vector formulation
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» Out minimization problem

min Zij(vi = vj)*wj (14)
I;ﬁiléa

yTy=1

» Matrix-vector formulation

min y’Ly (15)
yeRN
ly"1|<a

yTy=1

> Solution
y = avll 4 /1 — a2yl (16)

(Proof given in [Higham 2004])
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Definitions
Spectral Clutering Algorithm Minimization problem

Matrix-vector formulation
The solution

» A closer look at the solution

y= ol 41— a2v? (17)

Multiple of 1

Clustering only depends on vl
Solution is independent of the balancing constant, «.
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Two clusters
Three clusters
One cluster inside another cluster

Examples

Data

151 3 w o

05 # o

-1.5 b
ot 4

-5 -4 -3 -2 -1 0 1 2 3 4

Mikkel N. Schmidt Spectral Clustering



Two clusters
Three clusters
One cluster inside another cluster

Examples

Second eigenvector, x!2!
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Two clusters
Three clusters
One cluster inside another cluster

Examples

Data Points

Figure 1: Data pomnts used for Figure 2. Pairwise similarity weight is taken to

be the reciprocal of the Euclidean distance.
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Two clusters
Three clusters
One cluster inside another cluster

Examples
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Figure 2: Components of the second and third eigenvectors for the data from
Figure 1. Left unnormalized. Right normalized.
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Two clusters
Three clusters
One cluster inside another cluster

Examples
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Two clusters
Three clusters
One cluster inside another cluster

Examples

Second eigenvector, x!2!
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